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A finite group with cyclic Sylow subgroups is called a Z-group. In his book
on the theory of groups Zassenhaus described the structure of Z-groups.
The aim of this paper is to give a generalization of this theorem. Roughly
speaking, we consider solvable groups whose Sylow subgroups are of small
class and are generated by few elements.

It is well known that, if the prime powers that divide the order of a finite
group satisfy certain arithmetic conditions, the group is nilpotent. Our
theorem gives also a generalization of this result.

In Section [, besides explaining part of our notation, we give as a proposi-
tion a hasic result that follows directly from definitions.

In Section 2, we establish the connection between the derived length of a
factor group of & and the subindex of the first subgroup in the derived series
of G that has a normal p-complement. Then, sufficient conditions are given
for a solvable group to have a nilpotent commutator group.

Finaliy, in Section 3, we prove the Main Theorem.

!

All groups considered are finite. Let | G | denote the order of the group G
and (&) the set of primes that divide | & 1.

1f p is a prime number, a p-group is a group of order p* and G is a p'-group
if g ¢ w{C). More generally, if 7 is a set of primes and = is its complementary,
G is a w-group (7'-group) if 7(G) C = (7{GYC 7).

The largest normal p-subgroup { p'-subgroup) of G is denoted by OL(G)
{O,(G)), and the inverse images in G of O (G{G,(GY) and OGO (GY)
are denoted by O,,/(G) and O,,(G), respectively. The latter is the largest
normal subgroup of G that has a normal p-complement.

The Fitting subgroup F(G) is the largest normal nilpotent subgroup of G.
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Prorosrrion 1.1. F(G) == [} O, (G), where p riens over the prines in w(G).

Proaf. A nilpotent greup has a normal p-complement for every prime g.
Hence, F(G) € O,/ {G).

Since any subgroup of a group with a normal p-complement has a normal
p-complement, () @,-,{G) is a2 normal nilpotent subgroup, so it is contained
in F{G).

As usual, we denote by Z,((¥) the elements of the upper central series of G.
That is, Z,(G) is the trivial group, Z,(G) = Z(G) is the center of G and
ZAGY 2 LG is the center of GIZ,_{(G).

Let us recall that a finite group is p-solvable if each of its composition
factors is either a p-group or a p'-group. A p-salvable group &' bas p-length 1
if GIO,,(G) is a p'-group and p e w(G). A p'-group has p-length O, Fhe
p-length of & is denoted by 4,(G).

2
Let Dy(G) 2 DYG) 2 DYG) 2 -+ be the derived series of G. That is,

solvable, d(() denotes its derived length.

It follows from the definitions that for any subgroup N <1 G, D{GIN} o
D(G) - N/N holds for any s.

Prorosrrion 2.1, DJ(G) has a normal p-complement if and only if s =
d(GlIOﬂ'ﬂ(G))‘

Proaf. Since O, (G) is the largest normal subgroup that has a normal
p-cemplement, D (G) will have a normal p-complement if and enly if it is
contained in O, (G}, Equivalently, D (GO, (G)) = L.

Cororrary 2.1 Let | G| == ppr - pitand let d; = d(G]O,r , (G)). Then,
DG is nilpotent If and only if s = max(d) , dy ..., d)).

Proof. DG) nilpotent is equivalent to saying that it has a normal p-
complement for every p that divides [ G .

CoroLLary 2.2, G has a wilpotent commutator subgroup if and only of
GO, (G) is abelian for each pew(G). In particular, if (G, G is nilpotent,
L(G) << 1 for any p.

Proof. Tor the first statement, take & == 1 in the previous coroliary. Since
G0, (G} does not contain nontrivial normal p-subgroups, when it Is
abelian it has to be a p'-group.
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TueoreM 2.1, Let G be a solvable group of order prple -+ pirovith 1(G) = 1

the Svlow p-subgrowup P and let py < po <7 o << py . If myy << pg and m; < py
Jori = 2,3, 1, the commutator subgroup {G, G| is nilpotent.

Progf. By [3, Lemma 1.2.5}, G/O, (G} is isomorphic to a subgroup H of
the general linear group GL{m, F,)), where mr == m(P}and I, is the field with p
elements. If follows from a theorem of Ité (see {1, Corollary 5.2]) that, if each
prime p e w(H) is greater than m, H is abelian, Then, by Corollary 2.2,
[(7, G] is nilpotent. ‘ '

Let P be a p-group and 4 be a p'-group of automorphisms of P, Then,
A induces automorphisms in P == P[P, P] and only the identity of 4 induces
the identity automorphism. We use 4 again to denote the group of induced
automorphisms. Since Pis abelian, it is well known that P == Cp(A) % [P, 4],
where [P, 4] is the subgroup generated by the set [v1x* [x e P, a g A} and
Cp(A) = {xe P} a* = x for all e & 4} (see [2, Theorem 5.2.3]).

Suppose that 4 is nontrivial and acts irreducibly on Pj@(F), where $(P)
denotes the Frattini subgroup of P. Then, it acts irreducibly on P/d(P) o=
PIP{P) and since Cx{d) + P, [P, 4] = P must hold. But then, [P, 4] = P,
because {7, 4] is the image of [P, A7 under the canonical epimorphism of P
into P.

In the following, H(G) denotes the inverse image in O, ,(G) of the Frattini
subgroup @0, (GO ,{G)) of the given factor group.

Lemma 3.1, Let G be a pesolvable group with 1(G) == 1. If G/O,(G)
is nontrivial and acts drreductbly on O (GYH(G), then (G, G] contains the
Sylow p-subgroups of G.

Proof. Let Gy = GO, (G). Since I(G) == 1, O,(Gy) o P, P a Sylow
p-subgroup of G, and O, (GYH(G) o P/®(P). The assumption of the
lemma implies that GO {Gy) acts irreducibly on P/@(P).

Let A be a complement of O,(Gy) in Gy, The preceding discussion implies
that O,(Gy} == [0(Gy), A € [Gy, Gy) 2« [G, G] O {GYO,{G). Therefore,
PL[G,GL

As before, m(P) denotes the minimal number of generators of the group P.

Turoren 3.1, Let G be a solvable group, w(G} == { py ..., P} and let s,
be the smallest positive integer such that the greatest common divisor ( pfr — 1,

[~ ——
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pape P = 1. Let Py be a Sylow ppsubgroup and assume that for each
PGy, I( pg) == 1 and m(P;) < s; . Then,

(1) G s the semidirect product of two of its Hall subgroups, H, <1 G
and H .

(2) H, and H, are nilpotent. Moreover, p; cp implies m(P;) = ;.
In particular, if s; > m(P}} for every i, G is nilpotent.

3y [G, Gl = H, x [H,y,H,]

(4) The order of the Fitting factor group G[F(G) divides T] (pit— 1),
where the product runs through the p, & p. The exponent e of that group divides
ihe least common mudtiple of the elements pf — |, where ps & p, and the greatest
common divisor (e, pfi — 1) 5% 1.

Proof. Tt follows from Fermat’s little theorem and the definition of s
that, if £ =4 7, s; << p,; . Hence, by Theorem 2.1, [G, G is nilpotent.

We show now that for each p, , either the Sylow subgroup P; is contained
in [G, G] and is normal in G, or G has a normal p,-complement. For simplicity
of notation, let Py == P, p; == p, s; =5, and m == m{P;). Since the group
Gj0,,{G) is isomorphic to a p'-subgroup of the linear group GL{m,F,),
where F, is the field with p elements, its order divides

N e {Pm - 1}(pm—1 o ]) (P — 1)

Now, if m < 5, N is relatively prime to py ps - py and hence, G == O, (G);
that is, ¢ has a normal p-complement. In particular, if m(P;) <Cs; for each
7, (7 is nilpotent.

Suppose then, that m == 5, In this case, if G does not have a normal p-
complement, G/O,,(G) is a nontrivial p'~group whose order divides p* — 1,
but it is refatively prime ta the product  p5=% ~- 1) === ( p — 1}. Consequently,
G/O, (G) acts irreducibly on O, ,(G)/H(G), and according to Lemma 3.1,
P C [G, G]. Since the commutator subgroup is nilpotent, we get P <1 G.

Next, we find the Hall subgroups referred to in (1), Let

p={pen(G)| P, C[G, G}

then, the nilpotent [Tall subgroup X, is normal and G is the semidirect
product of H, and a complement, that is, a Hall p’-subgroup X . Notice that,
if & has a normal p-complement, [P, P] == PN [G, G]. Hence, p € p implies
that (P} == s,

Now, the subgroup I7,., satisfies the conditions of the theorem, If it is not
nilpotent, for some p & p', Oy () o H,- . That is, I does not have a
normal p-complement and by the preceding argument, the Sylow subgroup P
is contained in [H,, H,]C[G, G]. This contradicts the definition of p.
Thus, H, , is nilpotent.
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When P C H,-, G has a normal p-complement and as noted above, [P, P)
is the Sylow p-group of the nilpotent group [&, G]. Therefore, {G, G] ==
H_o» [H,, H,.

It is clear that the Fitting subgroup of G is the direct product of H, and
the subgroup € of H - which centralizes H, . If A(I1,) denotes the group of
automoerphisms of F, abtained by conjugation which elements in H,,
: GYF(G). The restriction of A(H)) to the Sylow
subgroup P of H is nontrivial because P C {G, ] and it defines a group whose
order divides p5 — 1. Thus, | GIF{G}| divides [T (p7— 1}, pep, and the
order of any element of the factor group divides the least commaon multiple
of the set of numbers { p* — 1] p & p}. 1f e denotes the exponent of | GIF(GY,
the greatest common divisor (g, p* == 1) 5% 1, otherwise, A{H) acts tivially
on P

It follows from [3, Theorem B and Lemma 3.2.2] that in 2 finite soivable
group G whose Sylow p-subgroups have class less than p for each p & #(G),

Thus, if & is a solvable group suck that, for every pe#(GY), a Sylow p-
subgroup P has class less than p and the greatest common divisor(l’"jjj (pi-1),
[ G 1) = 1, where s == m(]), the structure of G is described by Theorem 3.1,
In particular, we have the following well-known result about Z-group.

Coroviary 3.1, If all the Sylow subgrowps of the fintte group G are cyclie,
G is the semidirect product of 1wo cyclic Hall subgroups, A == [G, G] and B.
Horeover, if 4 == {ay, B == {0 and b-ab == &, then (v — 1,1 41) == 1.
{See [6, Chap. V', Theorem 117).

Proof. DBy a theorem of Burnside, & is solvable. Then, since it is clear
that /(G == I, Theorem 3.1 applies. Since a nilpotent group with cyelic
Sylow subgroups is itself cyclic, the first statement of the coroliary follows
from (13-(3). Because G == {a, b, its commutator subgroup A == {a) is
generated by [a, b} == a4, Hence, (r — 1,1 4]} = |.

CoroLrary 3.2, Let (7 be a finite group and lel r == m{P), where P 5 a
Sylow p-sibgroup. If for everv p & (G, [ 111 (7° — 1) and | G | arve relatively
prime, (v is nilpotent.

Proof.  Assume that the statement is false and let G be a minimal counter-
example. Then, G is an odd order group and hence, solvable.

Suppose that & contains two distinct minimal normal subgroups A4 and V.
Then, G is isomorphic to a subgroup of G/M > G/N, and it is nilpotent.
Therefore, G must have a unique minimal normal subgroup A, Since A is a
p-group and G/M is nilpotent, & has 2 normal Sylow p-subgroup, and for
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every prime g, g ¥ p, it has a normal g-complement. Therefore, 1 (G) == 1
for every prime in #{(x) and by part (2) of the theorem, G is nilpotent.

This corollary is a generalization of the nontrivial part of [5, Theorem 1],
the theorem appears as problem 13 in {4, p. 285].
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