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THE AUTOMORPHISMS OF PO (Q) AND PS:*(Q).*

By Maria J. WONENBURGER.?

The purpose of the present paper is to complete some results of [8] by
studying the antomorphisms of PSs* (), the projective group of proper simili-
tudes of an 8-dimensional veclor space 3 with respect to a non-degeneraie
quadralic form ¢, and of its sabgroup PO ((), the projective group of
rotations. Tt is well-known that in certain cases these groups actually have
exceptional automorphisms, that is, antomerphisms which are not induced by
automorphisms of Sy (), the group of proper similitudes.

We prove, under the assumption that the hase field X has characteristic
not 2, that PS¢ (¢) has exceptional automorphisms if, and only if, either
the quadratic form @ or a scalay muliiple «@ permits composition. As for
PO}, it has exceptional antomorphisms if, and only if, the vector space
M has an orthenormal basis with respect o either § or a multiple 2, and
the base field is Pythagorean; this implies POg* (@) == P8 (Q).

In the last section we show that, if PSy*(¢) has exceptional autornor-
phisms, any exceptional one together with the ones indueed by the auntomor-
phisms of S¢*(Q) generate the whole group of automorphisms.

1. We are going to use the notation of [8, Sections 1,5] with the only
difference that now @ is always o non-degenerate quadralic form over an 8-
dimensional veclor space M, and we assume again that K has characteristic
not 2. Moreover, since two quadratic forms which are obtained one from the
other by scalar multiplication define the same group of similitudes and related
groups we can assume in our arguments without loss of generality that there
exists a vector w€ M such that @(2) ==1.

Taworem £ The group PS+(Q) has exceplivnal vulomorphisms {f, and
only if, the quadratic form @ (up to a scalar fector) permits composilion
{see e.g. [4]).

Proof.  1f an automorphism & of FS*({)} takes any (G,2) coset into
another (8,2} cosel, then the restriction of ¢ to PO*(Q) is an auntomorphizm
of PO* {0) induead by an autemorphism of 0+(Q) {see [2, Section 37]) and
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therefore ¢ is an automorphism of £S°(Q) induced by an automorphism of
S7(@) (see the proof of |8, Lemma 21},
We congider now two different cases.,

Case 1. K fhas more than 5 elements, Then ¢ 1s an exceptional auto-
werphism if, and only if, there exists a (6,2} coset 7 which is not taken into
a (6.2} coset and therefore by |8, Corollary of Lemma 3] (%) is the coset
of a P-involution. Let vy, r, be any orthogonal hasis for the minus-space
of 7 and @y - cLae any orthogonal basis of s plus-space.  Let 17
Te=0,3, - - 8, be the (6,2) bivolutions whose minusspaces are spanned by
wy and @y, 0 that 7y (="
[8 Lemma 6] it was shown thai the T

i 1 the course of the proof of

o= 203,00 - 80 anticommute with
each other and, shice the Ty ave either (6.2) cosets or coscts of P-involutions,
the enly possibility is that the T are anticommnuiing P-invelutions.

Asswme now that p and p” are the ratios of any two of these P-involutions,
say 'y and T, and fet @ be any veetor of M such that @ (x) == 1. The vectors
& ke Ty T e mutnably orthogonal nen-isotrepie vectors (of. I8,
prool of Lemma 311, Moveover, it A i the d-dimensional space spanned by
these verfors, Vois invariant under the P-imvolutions T, and 77 henee N
the erthogenal comploment of NV, is also invariant under 77 and 7. Now. if
g ENL and Q(y) == fBat0, y, pT gl ¢ T0T5 15 an orvthogonal basis of Vi,
We have found, then, an orvibogonal basis, oo o7y 0P 2700 o ATV
T of M osuel that the lengihs () of ite vectors ave

Lopo oo s B Bpe B Bop'
restectively, which shows {hat the quadraiic form @ permits comuposition (sece
4 Sections 1,213, Hence. if 289000 has exceptional automorphisms, the
quadvatic form @ (nup fo a4 sealar Tactor) is the quadvaiic form associated fo
a Caviey algebra,

On the other hand, it s mentioned in [1] that if ¢ is the quadratic fonn
associated o a Cavley algebra, the automorphisms &, and ¢ of P8 ()
defined in T, Cor. % of Th. 1] ave exceptional. (o (he praot of Th, 3 helew
we show that the autemerphian ¢, s exceptional.)

Uase 0 N ods w finife jield. 11 the quadralic form Q has square dis-
eriminant. @ is Ahe quadratic {orm of o split Cavley algebra and the auto-
morphizms ¢ of {1, Coro 2 of The 1] is exceptional, When the diseviminant
of € 5 not a squars £ does not permit composition and the commutator group
of PSCOY ds POG) s= P00, Thiz implies that any automorphi=m ¢ of
S5 indnees an antemaorphi=m i 207 (). but the aufomaorphisnes of
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POy are indueed by antomorphisms of 00 () (see |8, Th. 4]) and. conse-
quenily, ¢ i2 indueed by an aufomorphism of S°(¢)).

Leatsa 1. Jf the group PO Das erceplional aulomerphisws e

spree M s s orthonormal basis wilh respect fo (0 or a€) (see [2, p. 60]).

Proof, When K is a finite field, PO (@) does not have exceplional aulo-
morphisme (P8 Th, 41, T follows from [7] that il & has more than 5
olements an automorphism of 20+ can not take a (6,2} coset into a (4, 4]
coset. (The proot is like the proof of |3, Lennna 31 asing 200 (@) instead
of PRt Henee, wder an antomorphism ¢ of P00, a (G.2) cosel
mst w0 either infto a (6.2 cozet ov into the coset of an orthogonal £-
involution.  We have again that, i ¢ = an exceptional antemorphism. there
<honld exizt a {6.2) coset 7 which is taken by ¢ into the coset of an ovthogonal
Poinvolufion. that is a P-involution of vatio 1. Define #y, om0 2,0 0 e and
the 75 as hefore and lot {7y = T3 Then |8, Lenuna 6] stlE applies and

we can conelude that {he 700 JB e 080 are =even orthogonal P-invelu-

tions saely that any dwo of fhem anficommude.  1f 0 ds any vector with

oy == 1. then o toeethey with the vectors o7y 7 a0 .8 forms

orthonormial basts ol 3/,

Lexivia 20 FF an audeworphisn of PO{(OY (o PSR s more
Hhon 5 elewendsy fs ewvrepiionad 0 fubos eeery (G221 cosel Gifo [he coxel of

o Pedwrdlution,

Proof. 10K ixa findte ficld, £200(0) has no exceptional automorphism
and there ig nothing fo prove.  lence we can assume that & has more than
5 oelements. Suppose fen that the antonorphism ¢ takes the cosel of a (6,2)
involution {7 into the coset of a F-invelntion.  We have alveady shown that if
wyweeoand e ooy arve any orfhogonal bases of the minus-space My and
plus-spaee W, vespectively, of 17) the cozels defined by the (6, 2) involutions
{7 f==72_- - - & ave laken info the cosets ol anticommuiing P-involutions
T Now, iF Py ix the involution whese minus-space is spanned by and oy,
et b U D00 honee {5
e PUPLTYT i alse w0 Peinvelution. Thix smplies that any (6.2) coset

T andl as a comsequence ol 1

whowse minug space = orthogonal to V, iz mapped by & into & P-invelution.
Now, let N be the minus =pace of any (6,2) involution 170 'The space
Nybhas dimension F b andl stwee (U, S XYY, A VA is al most

(-
2dhensional, (3 - V0L confains a dedimensional non-isoivopic sabeg

Sinee M b orthogonal do 1 ¢ maps the coset of the (6,23 invelution with
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minus-space R into the coset of a P-involution, and therefore ¢ also maps ¥
into the coset of a P-invelution becauwse £ if orthogonal to N

Lunaa 3. If the veclor space 3 has an orthonormal basis with respect
fo (), then any orvthogonel P-involution belongs fo the commulalor group
of 07(@).

LProof. Since any P-involulion fakes any vector @ into a vector erthogonal
to x, it is an immediate consequence of Witt’s theorem that given an orthegonal
P-involution 7' it is possible to choose an orthonormal basis of M of the form
ay =, 19 1,2,8, 4 {cf. the proof of Lemma 4 below), Define the lineax
translormations ¥y and § as folows,

iy =y, Yyl =y, for j=1,2
@iy =, i Ty ==y, for j=23,4, and
;8 = Y Uil == 2y where the indexes {42 should

he computed modulo 4.
Then 7'y and & ave rolations and 7= 7,870 ,-18,"%,

Twarorex 2. The growp PO(Q) has exceplional awlomorphisims if, and
only if, M has an orthonormal basts with vespect Lo Q or o) and the base feld
K is Pythagoresn.

Proof. 10 PO{Q) has exceptional automorphisms, let @y, f==1,4.- - .8
b an orthonormal basis of A7 with respect to ¢ or «@. T K iz not Pytha-
gorean, assnme thet o -} 8% is not a square and let &7 be the {6,2) involution
whoge minns-space is spanned by 2, and e, 4 B, Then the coset of £ does
not belong to PQ(Q) since the spin-norms of U7 and — 7 belong to the
quadratic class of ¢ - #* whick is not a square. Menece 7 can not he mapped
by an automorphism of PO () into the coset of an orthogonal /-involution.
Therefore, by Lemma 2, PO*{@) has no exceptional avntomorphism, This
proves the “only if” part of the thecrem.

On the other hand, il the conditions of the theoremn are catizfied, the
ratio of any similitnde is a square and, comsequently, PO*{Q) =< PS(().
Hence the “if part” of the theorem follows from Theorem 1.

Conorrany., If PO () hus exceplional avlomorphisms, then PO ({1
o PSHQ).

2. In this section we ave going o determine the form of all {he auto-
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morphisms of PE(Q). By the Corollary thal we have just established, this
gives us also the antomorphisms of P0* ().

Lommma 4. In PS(QY the cosels of P-involullons of lhe swme ralio
decompose into lwo conjugale classes.

Proof. We will prove fivst that in §(@) any two F-involutions 7' aind
T, of ratio p are conjugate.

Lot @, ad’y, 41,2, 8, 4, be an orthogonal basis of M with respect fo £,
Let o be any veclor such that ¢(w) = @(2,). Then the 2-dimensional
subspaces N, and A, spanned by », and 5,75, and », and x,7,, respectively,
are isometric.  Henee, by Witt's theovemn, N,-L and 3L are alse isometric and
therefore there exists a veetor y. € N,-L such that Q(y.) — ) (&), Now the
subspaces N, and M, spanned by w, 0, t— 1,2, and z, 7., 11,39,
respectively, ave isomelric and we can repeat the preceding process until we
get an orthogonal basis v, 3,75, 1= 1,2, 8,4 such that Q (=) = Q{y:). Define
the linear transformation U by

:i::‘-lj == 1fy, (:r'i-rl‘l. } U= ;"fi',[rb 7 | 3 '.")’, 3: 4.
Then U is an orthogonal fransformation and 77, == 717,17,

PI{) consists of the subgroup I8 (¢/) and the cosots P§-{Q), thereiore
in PS(Q) the cosels defined by all the P-involutions of ratio p ave cither all
conjugate or they decompose into ihe lwo conjugate classes. Bui, if V€ &(¢Q),
the coset defined by W7V can not be equal to a coset defined hy Wit
with W€ 84(Q), because this would imply

(WAV)L(WAY) 2 = e T, WSV € §7(0),

and there are no improper similitudes commuting or anticommuting with ¢
(see |G, Prop. 3 and 47). This proves the femma.

Turores 3. If the quadiatic form ) permils compoesition, then the
group of wwlomorphisms of PS*(QY is generaled by any excoplionul wulo-
narphisim and the ones induced by aulomorphisms of §7(Q).

Proof,  We are going {o show fivst thal the automorphism ¢, of P8+
defined in {1, Corollazy 2 of Th. 1] is excepltional, Tet e be the element of
Mowhich acts as the identity of the Caviey algebran and Jet b he any non-
isofropie veetor orthogonal {o e. 'The proof of the corollary mentioned abave
shows that ¢, fakes the coset of the (6,2) invelution whose minus space s
spanned by ¢ and b into the coset of the transformation 72, delined by righi

3
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a

multiplication by b, ence 1, has ratio Q(b) and Ry* is the multiplication
by — ¢ (b). This shows that 1, is a P-involution of ratio @ () and ¢4 1s an
exceplional antomorphism.

I there exists in PS*{¢J) a P-involution 7' ol vatio p, since T is
orihogonal to e and ¢ (eX') =~p, the coset of the (6,2) involution U whose
minus-gpace is spanned by ¢ and o7 is taken by ¢. into the coset of the P-
involution R of ratio p. Moreover the (6,2) cosets conjugate 1o 7 are
mapped hy ¢, inte cosets conjugate to Ryp in PS{Q).

We consider again two different cases.

Case 1. K has more than 5 elements. et ¢ be any exceptional auto-
morphism of PS* (Y, T any (6,2) coset and (') =, Then, by Lemma 2,
we know that 1" is a P-involution and we have two possibilities,

a} £ is conjugaie (o R Then ¢o7%y takes U into another {6,2) coset

and therefore is an automorphism induced by an auwtomorphism of S*(@Q),
that is, ¢ =04, where o (¥) = A YA and A 13 a semi-similitude, and

'1;! = ¢2U-'l;

h) T is not conjugate to Rep. Then, if ¥ ¢ 8-(Q), VIV is conjugate
to Ry and consequently o, where oy is the autemorphism of PS*(Q) defined

by oy (X) == VXV, i3 of the form oy == ooy, that is, ¥ = avadaoa.

We have shown then thal ¢, and the antomorphisms of the form oy
generate the whele group of antomorphisms and that the group generated by
any exceptional automorphism ¢ and the o, containg ¢, and thervefore is the
whole group of automorphisms,

Case 2, K iy a finite fleld. Then the second commutator group of
P80} coincides with P0(§), the commulater group of PO*(Q) (actually
PA{§) is the first commutator group of PS+(Q) by [5, Th. 5]). Hence any
automorphism ¢ of PS*((}) induces an automorphism in 2O(¢) and it is
known that in PQ(Q) the (6,2) coseis can not he taken into (4,4) cosets
{sce |2, Section 48]) and therefore ¢ takes (6,2) cosets either info (6,2)
cosels or into cosets of P-involutions, But the (6,2) invalulions whose cosets
belong to PQ(Q) are those whose minus-space has square diseriminant with
respect to the vestriction of @ to it, and all such involutions are conjngate in
Pa(@). Hence we have two possibilities, under ¢

a) either all the (6,2) cosets of £Q{Q) go into (6,2) cosets, in which
case the restriction of ¢ fo PQ{Q) is an antemorphism induced by an auto-
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morphism of 0*(Q) (sec [2, Sections 43, 42}) and then, as in the proof of
[8, Lemma 2], we can conclude that ¢ itself is induced by an automorphism

of 8*(@).

b) all the (6,2) cosets of PQ{¢) go into P-involutions. Then, 2s in
case 1, we can deduce that either ¢z7*¢ 0r daarg i an antomoerphism induced
by an automorphism of 8*(@), which proves the theorem.

Remark., To carry oul some proefs we have considered two different
osses. This is due to the fact that [8, Cor. of Lemma 3] was established
under the condition that /U has more ihan 5 elements, but, in fact, the corollary
can be easily proved when K is the field with 5 elements. We have not proved
it here becanse we would still need a different prool for the casc of a field with

3 elements.
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